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Work and fluctuations in irreversible processes

(useful example to keep in mind)

micro-
pipette X

X DNA handles

laser
trap

A

<
™~

y

Start at A=A, in equilibrium w/ water
Stretch rapidly, A : A—>B

Hold X fixed and allow to re-equilibrate
“Unstretch” rapidly, A : A«<B

Hold X fixed and allow to re-equilibrate
Repeat

forward

reverse

Ok wN =

expect the 2nd law to hold on average:
pr(-W)

<Wg> < AF < <Wg>

pr(W)

W
AF

What about fluctuations around the average?



Three predictions related to work fluctuations in small
systems driven away from equilibrium:

pe(W) (™) ="
/\ "
AF
pr(-W)
pF(+W) _ pBw-2F)
Pr (_W)
pr(W)
W
AF
-Bw, 1 —ﬁH(x,)»,)
<5(x—xt)e >=—e

Z,

X = point in phase space (independent variable)
X; = microscopic trajectory during one realization

w; = work performed up to time t
M = value of work parameter at time t

<...> = average over ensemble of realizations



ordinarily we use the time-dependent phase space density
to represent the evolution of an ensemble of trajectories:

f(x,t) = <(5(x — xt) >

be careful w/ ordering of limits ...

phase space

“democratic”
. //
. EC C = tiny cell of volume ¢

“snapshot” at time t

. 1. 1
f(x,t) =lim,_ . lim, ~ E 1

x, €C

another statistical representation of the same ensemble

g(x,1)= <6(x - x[)exp(—ﬁwt» “undemocratic”
. 1.. 1
=lim, _, . lim, ~ E exp(—/a’wt) ® ®

x, €C .

claim : g(x,t) oc fe9(x,\)



@ <e-/5w> _ e—[J’AF
@ < pF(+W) e/s(W—AF)

Pr (_W)

B | (emn)er Lo

N Z,

general remarks:

 exact results, valid far from equilibrium
e place strong, unexpected constraints on fluctuations
e nonequilibrium fluctuations encode equilibrium information
* closely related to other results -
» Bochkov & Kuzovlev , <exp(-BW’ )> = 1
* entropy fluctuation theorems, p(+c)/p(-c) = exp(o)

Derivations

e Hamiltonian dynamics
 Langevin dynamics (“Brownian motion”)
e discrete-time Markov processes
 deterministic thermostats (Gaussian, Nosé-Hoover)
e quantum dynamics
& others

I'll derive #1 using Hamiltonian evolution, #2 using
discrete-state dynamics, and #3 using diffusive dynamics
with inertia.



start w/ derivation of @ using Hamilton’ s equations

as before,

micro-
pipette X

laser

| : trap
A
x=(q.p)=(F-7, PP,  microstate
H(x,A) Hamiltonian
_oH __H ., x(t) x.  trajecto
q &p ’ p é’q s Vg J ry
A:A—B AMt), A, protocol

For simplicity, consider special case of a system that is
thermally isolated as the work parameter is varied, O<t<t
(... not plausible in real single-molecule pulling experiment !)



Xt

Xi= X’E(XO)
4 /@

Xo Hamiltonian
trajectory

J
Xl g

initial conditions
sampled from equilibrium

oxX,
W = W(xo) = H(xr(xo),B) - H(xO,A)
()= [ ey pif () e

— Lfdxo e‘/J)HA(Xo) e_ﬁ[HB(xr (xo))‘HA(xo)]
ZA

1 ~B Hy(x, (%))
_ dx e B\ \10
Z, f 0

=ifdxr o BHs) _ Lo _ par
ZA ZA

only assumptions:
1. initial conditions sampled from (canonical) equilibrium
2. isolated, classical system (Hamiltonian evolution)

This derivation can be generalized to a system in contact w/
heat reservoir, e.g. biomolecule in solution; no need to assume weak
coupling, provided we properly account for solvation free energy.

H(x,y;1) = Hsys(x;)u) +H,, (y)+H,(xy)

nt
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W = E.(®) — E.(a)

A
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