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It's tempting to view these fluctuations
as random

,

"

boring
"

, uninformative noise .

However
,
it has become recognized that

these fluctuations satisfy strong ,
unexpected, & potentially useful laws ,
which effectively allow us to express
the 2nd Law itself in the form of an equality
(actually , equalities ) .

These results provide insights into the
thermodynamic

"

arrowof time
"

(why do movies run backward look strange ? )

the relationship between thermodynamics
and information processing (Maxwell 's demon) ,
and the probability to observe

"

violations "

of the 2nd Law in very small systems .



Most of these results fall into two classes :

• non - equilibrium work relations
#

~ relationship between work and
free energy in a system that is
driven away from an int al state

of equilibrium
• fluctualiontheoemsforentnopypuoduct.io#
~ production ofentropy in a system
that is either in a non equilibrium
steady state , or else relaxing toward
sucha state

I'll begin with the 1st class of results . . .

(see Anna . Rev . Con d .
Matt. Phys .

2011

review article posted to course

website . )



Work and fluctuations in irreversible processes

1. Start at l=A , in equilibrium w/ water
2. Stretch rapidly,  l : A®B
3. Hold l fixed and allow to re-equilibrate
4. “Unstretch” rapidly, l : A¬B
5. Hold l fixed and allow to re-equilibrate
6. Repeat

forward

reverse

rF(W)

rR(-W)

DF
W

<-WR>  ≤  DF  ≤  <WF> 

(useful example to keep in mind)

expect the 2nd law to hold on average:

What about fluctuations around the average?



rF(W)

rR(-W)

DF
W

€ 

ρF +W( )
ρR −W( )

= eβ W −ΔF( )

rF(W)

DF
W

€ 

e−βW = e−βΔF

Three predictions related to work fluctuations in small
systems driven away from equilibrium:

€ 

δ x − xt( )e−β wt =
1
ZA

e−β H x,λt( )

x   =  point in phase space (independent variable)
xt =  microscopic trajectory during one realization
wt =  work performed up to time t
lt =  value of work parameter at time t
<…>  =  average over ensemble of realizations



ordinarily we use the time-dependent phase space density
to represent the evolution of an ensemble of trajectories:

€ 

f x, t( ) = δ x − xt( )

be careful w/ ordering of limits …

phase space

“snapshot” at time t

C = tiny cell of volume e

€ 

f x, t( ) = limε→0
1
ε
limN→∞

1
N

1
xt ∈C
∑

C

another statistical representation of the same ensemble :

€ 

= limε→0
1
ε
limN→∞

1
N

exp −βwt( )
xt ∈C
∑

€ 

g x, t( ) = δ x − xt( )exp −βwt( )

“democratic”

“undemocratic”

claim :  g(x,t) µ feq(x,lt)



€ 

ρF +W( )
ρR −W( )

= eβ W −ΔF( )

€ 

e−βW = e−βΔF

€ 

δ x − xt( )e−β wt =
1
ZA

e−β H x,λt( )

general remarks:

• exact results, valid far from equilibrium
• place strong, unexpected constraints on fluctuations
• nonequilibrium fluctuations encode equilibrium information
• closely related to other results  -

• Bochkov & Kuzovlev , <exp(-bW’)> = 1
• entropy fluctuation theorems, p(+s)/p(-s) = exp(s)

Derivations

• Hamiltonian dynamics
• Langevin dynamics (“Brownian motion”)
• discrete-time Markov processes
• deterministic thermostats (Gaussian, Nosé-Hoover)
• quantum dynamics

& others

3

2

1

I’ll derive #1 using Hamiltonian evolution, #2 using 
discrete-state dynamics, and #3 using diffusive dynamics
with inertia.



start w/ derivation of 1 using Hamilton’s equations

  

€ 

x = q, p( ) =
 
r 1,
 
r m ,
 
p 1,

 
p m( ) microstate

Hamiltonian

€ 

˙ q = ∂H
∂p

, ˙ p = −∂H
∂q

€ 

H x,λ( )

€ 

x t( ) , xt trajectory

as before,

For simplicity, consider special case of a system that is
thermally isolated as the work parameter is varied, 0<t<t
(… not plausible in real single-molecule pulling experiment !)

€ 

λ:A→ B

€ 

λ t( ) , λt protocol



x0

xt= xt(x0)
xt

initial conditions
sampled from equilibrium

Hamiltonian
trajectory

€ 

∂xτ
∂x0

=1

€ 

W =W x0( ) = H xτ x0( ),B( ) −H x0,A( )

e−βW = dx0 pA
eq x0( )∫ e−βW x0( )

€ 

=
1
ZA

dx0 e
−β HA x0( )∫ e−β HB xτ x0( )( )−HA x0( )[ ]

€ 

=
1
ZA

dx0∫ e−β HB xτ x0( )( )

€ 

=
1
ZA

dxτ∫ e−β HB xτ( ) =
ZB

ZA

= e−β ΔF

only assumptions:
1. initial conditions sampled from (canonical) equilibrium
2. isolated, classical system (Hamiltonian evolution)

This derivation can be generalized to a system in contact w/
heat reservoir, e.g. biomolecule in solution; no need to assume weak
coupling, provided we properly account for solvation free energy.

€ 

H x,y;λ( ) = Hsys x;λ( ) + Henv y( ) + H int x,y( )



The q# version of this derivation is simple .

It (H on It
,

= parameter - dependent
Hamiltonian operator

IHH Inn
.
) = Entxllnas

#
a

= ¥
,

In,Xn , I e- PEG
)

Boltzmann - Gibbs

density matrix
4) prepare in equilibrium (7- A) , measure energy

→
"

collapse
"

to Ina)
t not really

(2) X : A → B as t:O→t

unitary evolution

⑦ measure final energy → collapse to tints)

W = Em (B) - En (A )
final initial

energy energy



W = Em (B) - En (A )

#
a

= ¥
,

In ,Xn , I e
- PEG)

( e - Pw ) = I t.CN ME Plm, Ina ) e
- PW

t t

= ⇐ Fa e
- pen (A) funny e- p #mfs) - EAD

↳ (m. I Ina)
T

time - evolution

operator

= zta Em e
- PENG)§µm I (unitarily )

= Ffa = e
- f OF ✓

Not so easy to extend this derivation

to the case of a system coupled to a heat bath
.

( Open problem . . . )



Crooksflnctuationhoem

pntw) pr.tw)
pH

= e PK - of)µ*=p, - en.

LF

Note :

p. Cw) e
- PW -

- p.tw) e
- POF

( e - Pw! -

- e
- P" after integrating

both sides

(Exercise : derive using Hamiltonian dynamics )
I'll derive this result for a discrete - state process .

i

n

;
Raisin = e- Mei

- ED

¥ ::÷i¥÷↳÷
.

mm:
X -

- ACH



forward process : theft ) : A → B
as t :O→ I

reverse process : 7pct ) : B → A

Xp CH -

- 7pct - t)
-

Look @ 7 realization of the forward process :

in

4 -
" if

3 -
is

a z ITT't . . . -I
O t

, tr t, tu ts tis. , tic
T T
f-A X-

- B

K = # of transitions
( differs from one realization

to the next )

tk = time of Kth transition
,

I a- Kek



in

4 -
" if

3 -
is

a
z ft't

i , -- I txt

O t
, tr t, tu ts tis. , tic

T T
f-A X-

- B

convenient notation for 1 trajectory :

forward X = io t's i , Es iz . . . ik
process

"

conjugate twin
"

:

reverse ti ti , tf
process

Xt = io ← i
,
c- iz . . - ← ik

te = t - txt , - e

For convenience
, define to -- O f tk+ ,

-
- T

.

Then :

Ote -- te. - te O Elek

= dwelt in state ie

Note : same set of dwell times in X f Xt .



Now let Se Ci , t
'

,
t " ) denote sumivalpnofability :

If the system is in state i @ time t '

during the forward process, then Se Ci , t
'

,
t " )

is the probability that it makes
no transitions out of state i during
the interval t 's t at

"

.

Seti , t ', t " + St " ) -- split ' , t '') - fl - St ' ' .¥iRji(MA ''D)
T

T

probability probability
to survive in to survive in i

state i until from t
''

to

time t " t " t St "

→ %÷, = f - ,¥iRji) SF = Kii SF

Seti , tit " ) -- exp ( Rich#Ddt)
= Srl i , e - t" , i- t ' )

since Arlt) = 7pct-t )



Pff
.

X) = probability density to observe X
when performing forward process
io i

, try ←
tztdt

O tf E
.
-Het

"

Peck] Cdt) 't = it
,
Cio) . Sp ( io , O, t . ) - Ri.io dt

. Seth , ti , H -Risi
,

dt

. . . Sf ( ik , tis , t)

P (XJ Ldtlk = it Ci ) . S ( i o
,
ti) - R

R B
'

K R K , in. , ik
Lt

. Salim ,
ti

,
ti ) .Riina dt

. . . Sal io.tii.tl

The same survival probabilities appear in

the expressions for Pelx) f Pr [Xt) .

e.g . Sp Cio , txt , t) = Sf Cio , t - t, t - ti )

= Sf Cio , O , t , )



Pelly = IT
,
Cio) . Ri

,
i
.

-Risi
.

. . - Riki. . . . (all the SE )
T

same
Iv

PRIX'T = IT
,
( ik) . Rimi . . Rimini - - Rio i. ' (all the Sr's )

is:*. . in÷i÷iii÷i÷i÷i÷.
= e-PElioiAYZA.e-pfECii.at - Elio ,XD

Te = 2. (te)
e
- BE like Byz,

. .
. . e- pfetik ,

Ak ) - Elin , 7×51

= e
- POF

. et POE . e
-PII see

see = E ( ie , Ae) - E (ie - i , Te)

= energy change due to

e
'th transition

OE = Elin
,
B) - Elio

,
A)

-

- net change in system's
energy



O E - Q = W

7÷Y# =

e
- Poe

. et Poe . e-PIE, see
-

Q

¥¥¥=eH " fix,
pr.tw/--fdXPr.fx) s (w - we txt)

↳ sax -

- Eeo sIti÷ E.in
mines:i'sit:÷÷÷÷÷÷¥÷÷÷÷

.
.

!"
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-OF) fdxtprfxt) 8 (W + Wnfx'T)

= e PG - OF' pp C-w)



Finally , derive (S Cx - xie - pwt> = ¥a e
-PA (x, It)

for diffusive process w/ inertia .

[ If we set 8, Dp -

- O in the following
calculation

,
we 'll get the derivation

of this result for Hamiltonian dynamics .
)

x = Cq , p) c- TEN ,
H = Pfm + Hq ,7)

g -- E , is = - df - Imp + Ect)
q

f- (x
,
t) = ( 8 (x-xD)

g (x, H
= ( s (x - xt) e-Pwt>

we = Edt ' it . 9¥ txt . At .)

0¥ = Iaf = { It , f) + Dp Fpfe- Mt Ip (e P'tf)){ DIE ?

Nose .

. £
, ¥

,

I
,
et"""

= O



h (x
,
w
,
t) = ( Stx - xt) 8 (w -web

= joint probability distribution
to get xt

-

- x f wt -- w .

of = Rm& : ;E÷:# +
eaiaks.mhamsti.am

Et -- - Ig # h) - Eph-Eg - aE) HI - fwfnioof.in]
+ Dp
DI
op
'

= I
,
h - ni ¥

.
Ew

g Cx, t)
= (Stx- xt) e - Pwt) = f dw e- Pw hlx , w , t)

ft -

- S dw e- BYE , h - I oft Fw)
= I
, g
- I ftp.fdwe-pwdh

OW

= I
, g
- pie 0¥

,

f dw e- Bwh
-

g



i. off -- E. - prints )g
Now solve this yn for the init't . conditions

g (x , o)
= ( Stx -Xo) e-? = flx

,
o) -- Tak)

= ¥a e-PAK , A)

Solution :

g Cx,H
= ¥* e- PAK. At)

Check : off -

-
- fi doing

so

I. - mi off. )g=¥.IE#H-piofFg
Thus
, gcx.tt = ( Stx -He

- Pwt> =¥n
.

e-fit Kitt)


